In this note we investigate arithmetic properties of values of the Tschakaloff function Tq(z) = P ∞ ν=0 q −ν(ν+1)/2 z ν , |q| > 1. One of the open problems is proving linear independence of the values of Tq(z) with different q. The only result obtained in this direction in [1] is very restrictive. We refer an interested reader to the survey [2] for an account of known linear and algebraic independence results for values of Tschakaloff and other q-series. Theorem 1. Let t1 and t2 be distinct positive integers, and let q ∈ Z \ {0, ±1} and α ∈ Q \ {0} be multiplicatively independent 1 . Then the numbers 1, T q t 1 (α), and T q t 2 (α) are linearly independent over Q.
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Note that the function ft(z) = T q t (αz t ), t ∈ N, satisfies the functional equation αz t ft(z) = ft(qz) − 1. To prove Theorem 1 we use essentially the method from [3] applied to the functions gi(z) = ft i (z m i ), i = 1, 2, mi ∈ N, which satisfy αiz
, and si = tim 2 i . The scaling z → z m i is a new and crucial ingredient of our construction. There are infinitely many pairs (m1, m2) ∈ N 2 such that
with a fixed c0 > 0 (if τ = p t1/t2 is rational then we may even take c0 = 0, while if τ is irrational then such pairs are obtained, e.g., by using the convergents of the continued fraction expansion of τ ). After the choice of a pair (m1, m2) satisfying (1) we index our functions g1(z) and g2(z) in such a way that s1 s2 s1 + c0.
Using the Dirichlet box principle we construct Padé-type approximations of the second kind to the functions g1(z) and g2(z). Lemma 1. Given ε, 0 < ε < 1/2, and a positive integer n, there exist a polynomial
, not identically zero, and polynomials Qi(z) ∈ Q[z], deg Qi n, i = 1, 2, such that the following conditions are satisfied:
2 /(8ε) and M = 2s1;
(ii) the coefficients of the polynomials Qi(z) become integers after multiplication by q
n−εn whenever |z| 1.
Using the functional equation for gi(z) we construct further approximations from Lemma 1. Starting with Ri0(z) = P0(z)gi(z) − Qi0(z) = P (z)gi(z) − Qi(z), i = 1, 2, we define, for k = 1, 2, R ik (z) = α
Lemma 2] if s1 < s2, and as in [3; Lemma 3] if s1 = s2, we now obtain the following non-vanishing lemma.
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1 This means that the only integers i and j satisfying α i q j = 1 are i = j = 0.
Lemma 2. The determinant
Comparing the degree and the order at the origin of ∆(z) we deduce that, for any ρ 0 there exists an integer ν such that ρn ν ρn + 2εn + 3s2 and ∆(q −ν ) = 0.
Fixing ε > 0 in such a way that ε < min{1/2, 1/(6c0)} we choose a pair (m1, m2) ∈ N 2 satisfying (1) and the inequality (1 + λ)/M < (1 − 6c0ε)(1 − 2ε)/(32c0), and use the construction above with this pair and with ρ = (1 − 6c0ε)/(4c0). For any n we get linear forms r ik (ν) = α
, where the rational coefficients p k (ν) and q ik (ν) become integers after multiplication by a positive integer Dν |q| n 2 /M +nν+O(n+ν) . Assuming, contrary to Theorem 1, that 1 and gi(1) = ft i (1) = T q t i (α), i = 1, 2, are linearly dependent over Q, we have a linear relation L = h0 + h1g1(1) + h2g2(1) = 0 with some integers h0, h1, h2 not all zero. Then
and the non-vanishing of the determinant
implies the existence of k ∈ {0, 1, 2} such that the term Dν (h0p k (ν) + h1q 1k (ν) + h2q 2k (ν)) in (2) is nonzero. On the other hand, it is an integer, yielding Dν |h1r 1k (ν) + h2r 2k (ν)| 1 from (2). This leads to a contradiction since Dν (h1r 1k (ν) + h2r 2k (ν)) → 0 as n → ∞ by Lemma 1 and our choice of the parameters, and Theorem 1 follows. The result of Theorem 1 remains valid if we replace Q by an imaginary quadratic field I and Z by the ring Z I of integers of I. The method in [3] and a slight generalization of the above proof lead to the following general result (cf. [1]).
Theorem 2. Let q ∈ Z I satisfy |q| > 1. Suppose that t1, . . . , t l are distinct positive integers, and that a nonzero number α ∈ I is multiplicatively independent from q. Then the l+1 numbers 1 and T q t k (α), k = 1, . . . , l, are linearly independent over I. Furthermore, if q and α1, . . . , α l from I \ {0} are multiplicatively independent then the numbers 1 and T q t k (α k ), k = 1, . . . , l, are linearly independent over I.
To prove this theorem we replace condition (1) by a result obtained from Kronecker's theorem on simultaneous approximations.
We also stress that, due to the quantitative character of the method used in our proofs, it is possible to estimate from below linear forms with integer coefficients involving the numbers in question.
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